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Abstract

Previous developments of manpower planning models
involving uses of goal programming with émbedded Markoff
processes are here extended in order to (a) explicitly
comprehend truncational effects--e.g., those due to
retirement--and (b) allow for interperiod Markoff

transition matrices which change over time.
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I. Introduction
- This paper reports on some further developments in a research program
being undertaken in cooperation with OCMM (Office of Civilian Manpower
Management). This part of the OCMM effort looks toward improving the processes
of manpower planning for the U, S. Navy by means of computer assisted mathe-
matical models., See, e.g., [4]-[8] and [11] in the bibliography, which
reference earlier papers that extended the "séate of the art" for modelling
manpower planning by (a) combining the ideas of '"goal programming' and
,Markoff transition processes and (b) utilizing multiple objectives along
with (c) other constraints -- such as budgetary limitations -- so that these
related considerations could also be simultaneously treated along with the
personnel programs (and proposals) to which they might be related.l/
In this report, these previously developed models are further extended
and refined to explicitly comprehcnd truncational effects (e.g. those
associated with retirement) as well as the possibility of interperiod Markoff
transition matrices which change over time. It is then also possible, as we

%J shall soon see, to extend the transformational formulas that were found ad-

vantageous for simplifying and improving computations for the original model.

1/

=" See [3] for further detailed development on the ideas of goal programming,
multiple objectives, etc. Possibilities for policy evaluations and sensi-
tivity analysis, as well as various byproducts of value for personnel plan-

ning are also examined ia (4], (5!, (6], and [7].




Furthermore, although only one particular device for handling truncations is
presented here, it will be seen that others can also be used in addition to
the "locked-in" truncations that we shall depict in this report, (It is im-
portant to observe this kind of possibility especially in connect 'n with
the many byproduct uses that the extended model is designed to yield.)
All of the above research is specifically desigred to tie in with the
automated civilian manpower information systems that the U, S, Navy isi
: also

developing. These models and their related developments are, as will be seen,

applicable in other contexts as well,

II. Recapitulation of OCMM's Goal Programming Model for Manpower Planning:

For ease of reference we recapitulate and summarize relevant details
-from the already developed model which we have previously reported. See,

e.g., [4] through [7]. Thus we write

min I I, (E:(t) + E;(t))

k t
subject to
t
) t £ ot Ml - B+ e =g (o)
icIk T=1 jGJ°
where
1.1) g ()= £(t) - & M, a.
¢ k k fer i

and fk(t) is the ceiling prescribed for the kth manpower category. The
subtraction from fk(t) in (1.1) yields a gk(t) value that represents the net

requirement for the kth manpower category after allowance for the available




. 3.
persdns remaining in this category through the growth and attrition which

occurred during the t previous periods, where

a = vector of initial inventory of personnel in all job types.

(2) :
Markoff transition matrix depicting the transfer probabilities
between job types

M

while (M%) = the i™ row of M' and M® = MM...M (t times). Thus [ & (Mt)i al
i 'LieIk ]

represents the carry-forward of the initial states as they pertain to kth man-

power category comprised of the collection I, of job types i.

k
The above model does not contain budgetary or other constraints and
hence we can look at it for purely manpower planning aspects in a model where
the objective is to minimize a weighted sum of the deviations for each man-
power category via
E:(t), E;(t) = pgﬁitive or negative deviation, respectively, for
k~ manpower category,

3) ' th

Pt = the weight which is applicable to k  manpower

category in period t.

Using B(t) to represent an applicable budgetary ceiling for expendi-
tures in period t and cT(t) - (cl(t),...,ci(t),...,cm(t)) as a vector of
salary rates, we can extend the model in (1) by adjoining constraining budgetary

relations as follows:

ain LT, [E:(t) + Eg(D) ]

kt
subject to
t
ooz o) Hm B 4 ) = g ()
tclk T=1 jeJ
o
%) t

£Eoioem o W) <o) - Ty uta
i =1 jeJo




where Jo refers to the collection of external manpower sources and
in
xj(t) > 0 refers to the vector of amounts secured from source jsJo period t,

)
As was noted in [4], the basic variables xj(t) only enter in certain
combinations. Thus it is possible to simplify the model in (4) by making

certain transformations for which the following symbols (and related definitions)

may be utilized:

E¢t) =C xJ(T)
jeJ
£t
N(t) = = M g(T)
=]

o

(3

The pertinent parts of (4) can then become simplified via the expressions

in (5) --viz.,

t : t
@ £ £z o dm = e em= z M,
icIk ™1 ijo ieIk =] 1cIk

Furthermore, we can utilize the definition M =1 (the identity matrix)

to obtain
t+l
oz ™ em -
icIk T=]
t
M = £ T M7 g + 0 g =
1cIk T=]
¢ t=T
« T M & MYToE(r) + E(tHD).
el 7=l

Hence, we also have
(8) N(e+1) = M(c) + §(t+1).
Since the E(t+1) are vectors of decision variables and are non-negative, we

can proceed as in [4] to replace them by the choice vectors T(t) with the
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requirement
N(t+l) - M T(t) >0
(9) and
n(t) >0 .
Preparatory to the interpretations and elaborations undertaken in the
next section, we can utilize these developments to replace the original model
in (4) by the following transformed and reduced version -- viz.,

atn T I a, [E5(D) +E (0) ]

kt
subject to:
+ -
T ‘t) - E (t) + E (t) = g, (t)
te1, L B K k
(10)

I ey(0) (1) < B(E) - cT(e) Ma

- (), T + T (es1) 20
+ -
n,(8), EpCe), E(t) 2 0.

~III. Interpretations snd Further Development:

To interpret what has been achieved above, note first that “1(‘) is
the 1th component of N(t) where
(11) N(t) ® Accumulated inventory from hiring to perfod t.
The vector T(t) can be related to the recruitment that will be programmed by
means of the vector {(t) and other relations as follows. First, the amount
to be recruited {n period 1 is given by

Q) = (1)




where £(1) is the amount to be recruited for period 1. See (5). For period 2,
however,

N(2) = M5(1) + €(2)
where £(2) is the amount to be recruited in period 2 and M is the Markoff
matrix which has as its elements the probabilities of movement into and out
of the various jobs. See (2). O: course, (M)1 is the ith row of M and

(M)1 = (Mil’°"’uﬁt""’uin)

relates this row to the elements MLC of M. The expression which relates the
inventory of hirings in period 3 to the hiring activities up through this
period is
13 = Mg + HEQ) + £,
and so on.
This leads to a "triangular system" which may be developed for convenient
representation and soiution by means of the following definitions
1 ol 1 o 1 o
M 1 M 1 ) XM IJ
(12) where
1 » ldentity mltrix
X= M,
Thus, for the 2 period case:

-
)
M

1 o] e !

MOT tgm.l n(z)J

and




£(1) 1 o]t M)
£(2) w1 @)
1 o] iz

=

esince -- see (12) -- the indicated inverse exists.

Similarly for 3 periods
i

£(1) I ool [ 1 00 L(¢Y)
(] = M 1T 0 M2 =M 1 0 n(2)
£(3) MM o1 » o1 ne3)
or
E(1) = WD
g(2) = W(2) - M{(D)
€3 = W3 - M(d),
and so on.
More generally, we can write
13 £(c) = T(t) - Mi(r-l).

Pausing and reflecting on this structure we see that it can be significantly
genaralized to the situation where the Markoff matrices may differ from period

to period. Thus if T/t) is accumulating through period t we can vrite
(14) ¢ee) = 2o - {5 en
N
wvhere r(ttli is the prodability matrix applying to the transitions from period

t-l to t. {(Note that the faversfon {s still straipghtforvard in any case acd

tequires no divisfon opecrations, vhethe. M {s non-sing:lar er not.)
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IV. Adjustments for Variations in Proportions Eligible for Retirement:

Part One: Estimation and Adjustment Formulas

We now develop a procedure for further extending the OCMM goal pro-
gramming model--or any other such model--and its application by developing
certain formulas which make better allowance for potenéial retirements. The
nature of the approach to be .iggested will be sufficiently clear, we think,
if we proceed by reference to a five-period exampie by means of which we can
provide more specific and concrete interpretations.

Those who af;, or will be,‘eligible to retire in the next five years
are represented by the vector b,

be=b>+b*+b>+b2+bl+p0
where
b” = those first eligible to retire in period 5

b" = those first eligible to retire in period &
(15) b” = those first eligible to retire in pzariod 3
b = those first eligible to retire in period 2 .:
b~ = those first eligible to retire in period 1

b" = those eligible to retire in period Q, but did not do so.
Next, let 2 = a + b where a = total "on board" at t = 0, a = those on board
not eligible tu retire in the next five years and b = those on board who are
eligible to retire in the next five years.

Now we introduce the following expressions and definitions:

o« ®C/B, , @= (1-C/B)

where




9.

Co = Personnel remaining from those eligible to retire in some

base period
(16)
Ba = Total eligible to retire in some base period.

For those who are eligible to retire in the next five periods, we shall
assume that either they will retire or that they will remain in the same job.

our formulas
Then we develoghfor what we shall call a five-period "stretch". This is done
by period, as follows, where the formula for estimating those who will not

retire is shown first in each of the five periods:

Period 1:
& ! + Y
o @+ 1Y)
Period 2:
ab? +&pl+b)
ab? + a&(bl + b0)
(17) Period 3:

@3 + & [ab2 + a2(bt + b9))

R

abd + o [@b2 + &2l + b0)]

Period 4:
av +a [ab° + &2 + &t + vY))

ab® + o [&b3 + 652 + 3! + 97 .

Period 5:

avd + 6 gt + a3 + %l + &t + 00 ).

3 4 a[&b“ + a2 +gn? + gt (b1 + bo)]

ab
Finally, it also seems fair to assume that those who are recruited during

this five-period stretch will not be eligible to retire during this stretch.
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i . ... . Jart Two: Goal Adjustments
‘; .- -+, .4m extended.model may be secured from.(10) by using the precedir
i . dewvelogments and sssumptions to adjust for the indicated retiremenis. Thesc |
! | Sretirement adjustment™ corrections will be reflected, of course, in the i
i ~ budget constraints as well as in the goals and objectives. i
- . As was observed in section I1I, ,the original model utilized the matvix. - l
; - v i, o prajent ell of the dmitial manpowce plus man;over hirc! Javic € | !
1/

i : - “stretch™.=' ¥We now propose to utilize our preceding development, howevei, tc
! ' - smcompass the situstions involving retirement projections.
} thus, {f we use Ti(t) to Tepresent the cumulative manmpower vector through

‘period t, then we can fepreaent a5 a sum of two wvectors -- viz,,

(18) L) = nhee) + i)

i . vhere nl(t) represents the manpower cumulation not affected by retirement and ‘
i nz(t) represents the cumulation affected by retirement. Furthermore, by an
i : svident extension of (13) joined to the development in Part One of this secticl,

TH(e) = Mnt(e-1) + (b

1 {19)
| 12(e) = a1°¢t-1) + abt,
Specifically,
) =a o'+ Y
(19.1) 2 -2 .
M(2) = ab” + a7 (1)
2

= ab? + 32! + b0
as required for period (2) -- see (17) -- and so on.
Now we let

(20) a
1/

L those in job i initially (at t = 0)

E.g., the five-period stretch which we are using.




11,

and

{21) a, = a, + bi’ |
so that, as in the development which immediately follows (15), we have:;i repre-
senting those not eligible for retirement in the five-period stretch covered byl/

(22) b=1b0+bl+... 40

The vector of personnel in period 1 coming from within is
(23) Ma+g o0 +bl) = M3+ 5,

* via the first expression in (19.1). Similarly, the vector of personnel in
period 2 coming from within is

2

(24) M a3+ 3 b>

+ 22 ¥ +bh =3+ @,

via the second expression in (19.1).

Now the total on board in period 1 equals
- 1 2
(25) Ma+ (1) +0°(L) + 5D

where €(1) represents hiring from outside while Ma provides the tra.sitions
from the state given by ;, the remnant from t= 0, The vector of pe‘sonnel

from within at period two is

(26.1) M2 3+ M ECL) + T2(2)

which, in turn, forms a part of the total period-two personnel

(26.2) MPa + ME(L) + 12(2) + £(2).

l/See (15).
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By an evident extension we can now write
t- b ot 2
(27) M a+Z M §(r) + (V)
T=1

as the expression for the vector of total personnel in period t. By virtue

of the definition of nl(t) in (18),
t t-1

(28) M= £ v Tem =g+ £ 7 ).
T=1 =1
But,
t-1 t-1
(29) z M Tem =u £ v T ey = i1,
Tl T=1

Thus, via (28) and (29),

(30) ey = ge) + 1H(e-1).

V. Adjustment and Extensién of the Model:

Now turning to the model, (10), the objective function we wish to

minimize is

+ -
I (E, (t) + E, (¢t))
k t kt k k

subject to goal (e.g., manpower cei.:ngs) and budget constraints,

where bee = weights associated with the kth manpower ceiling in period t
E:(t) = excess above kth goal in period t

E;(t) = deficiency below kth goal in period t,.
Both E:(t) and E;(t) will not appear in the solution at the same time since
a given goal discrepancy can only be in onc direction at any given time

le.g., 1f E:(t) is ;n the solution then E;(t) will equal zero).




IO

13.

Developing the goal constraints, in which the 2 E:(t) and E;(t)
variables appear, the kth goal is defined as

£ [Total personnel in period t]. -E: (¢) +E (t) =¢f (t)
ieIk : i k k

where
fk(t) = kth manpower goal (or ceiling) in period t,
Substituting the expression for total personnel in period t we have

£ LR, + M) + THD)] - Ep (1) + B (1) = £ (6)
1eIk

Rearranging, the goal constraint is

EOMO) - BN +E(D = £(0) - T @B, - £ 13w = (0

:I.cIk ieIk icIk

where §k(t) is the kth manpower requirement obtained from the kth goal, net
after allowing for the available persons remaining in this category from the
initial population. |
The budget constraints are defined as
[Cost vector in period :]T [Total personnel vector in period t]
< B(t)
where

B(t) = total dollar budget for personncl in period t
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and the T superscript stands for "transfers", as in (4). Substituting the
expressions for the cost vector in period t and for the total personnel vector
in period t we obtain

T t- 1 2

e (t)[(Ma + T (t) + ()] < B(L)
where

eT(t) = [ey(t)y.. ,c (1))

1 LI R i

Rearranging we obtain the budget constraint

T 1 T t- T 2

c () M(t) < B(t) - c(t) Ma - c™(t) N°().

Thus, inlconclusion, the model (10) can now be replaced by

+ -
min T £ (E (t) +E (t)]
k t k k

Subject to: .
1 + - "
T T,(t) - E(t) +E (t) =g (t)
i K k "
30 e |
ey heey < Bew) - Tee) Mta - <Tee) TR

2t > ¥ le-1)

E,

+

Should one wish to go still further, e.g., to also permit the transition

matrix to change from period to period, all that would change in the chove

expressions would be to replace M® by H(t:l> ::i) H(?) and M by

u(‘;‘). See (14) f£f.
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Scevices, Depantmont of Commerce, for sale to the putilic, indi.
eate this fact and entcr the price, I hnown

1L BUPPLEMENTARY NOYES: Usc for edditicas! erplons.
tory motes.

12. SPONSORING MILITARY ACTIVITY: Enteer the nanie of
the departmeatsl pesject office or labaratory spensaties (pay
ing fer) the rescarch ond dovelopmeat, Intlufe sddress

13. ARSTRACT: Entcr an abatesct giving o briel end fac o}

summary of the docymial inldisative o8 the report, even thesh

it may olso appear elrewtig in the Body of the trehnical ve-

‘:n it s ditionat space is e2quised, & continualion ahaet thall
sttached.

Itis Miahly docirable st the etetzact of elossifiod reporte
be waclesslfied. Fach prrageayh of the adsteaet shall end with
on indicarion of the militsey security clasnification of the in.
formeticn in e patazeoph, reprcsentsd as (T5) (5), (C), o (V)

There I8 a0 lisitotion on the terat™h of the sdstezet. How.
sver, the seppeated 13 48 fena 19D 19 229 wonds.

18. KEY CORDS: Rev wonde epe trchnieally mesninglsl teenn
Or short phtoses thal ehstuct=sire & redal ond may Be 9:0 4 aa
Indox enteles far cotilogies the espat Koy words eyt be
selectsd 10 1 ¥ v scenrity eliteificallen in teguited  Wonlie
ficrs, such o3 equips cat pwtel ¢, tignation, Mads nows, wilit-y
project €ate nxre, ersczaphic locition, ;mey ty gied o3 hoy
sonds tut will by falie.. e by on trfication of techa.cal eoa.
teat  The ecaipg-sont of hicha, egles, ord woizMe i3 eptional.

— = T et

‘Unclassiffed .
Secutity Clarzification




